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Abstract

Let Lq ð1pqoNÞ be the space of functions f measurable on I ¼ ½�1; 1� and integrable to

the power q; with norm

jj f jjq ¼
Z 1

�1

j f ðxÞjq dx

� �1
q

:

LN is the space of functions measurable on I with norm

jj f jj
N

¼ esssup
jxjp1

j f ðxÞjoN:

We denote by AC the set of all functions absolutely continuous on I : For nAN; qA½1;N� we
set

Wn;q ¼ ff :f ðn�1ÞAAC; f ðnÞALqg:

In this paper, we consider the problem of accuracy of constants A; B in the inequalities

jj f ðmÞjjqpAjj f jjp þ Bjj f ðmþkþ1Þjjr; mAN; kAW ;

p; q; rA½1;N�; fAWmþkþ1;r: ð1Þ
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1. Introduction

As it follows from our subsequent considerations 8p; q; rA½1;N� there are
constants A;B40; such that estimate (1) holds 8fAWmþkþ1;r: We set

Amþkþ1;mðp; q; rÞ ¼ inf
A

A;

where inf is taken over all A40 such that for some B40 inequality (1) holds
8fAWmþkþ1;r: We set also

Bmþkþ1;mðp; q; rÞ ¼ inf B;

B:A ¼ Amþkþ1;mðp; q; rÞ;

where inf is taken over all constants B40 such that (1) holds 8fAWmþkþ1;r with

A ¼ Amþkþ1;mðp; q; rÞ: It was proved in [3] that 8mAN; 1pp; q; rpN the following

relations are valid:

2
mþ1

q
�1

p
�1

m! ¼Amþ1;mðN; q; rÞ2�
1
ppAmþ1;mðp; q; rÞ

pAmþ1;mð1; q; rÞ21�
1
p ¼ 2mm!2

1
q
�1

p: ð2Þ

In this paper, we find explicit expression for Amþkþ1;mð2;N; rÞ ðmAN; kAW ;
1prpNÞ: In some cases we find estimates of Amþkþ1;mðp; q; rÞ from above.

2. The main tools

Our main tool is one integral representation of functions related to orthogonal
polynomials.

Let p be a function defined on I such that (1) pAAC; (2) pðxÞX0 on I ; (3) pðxÞ40
on a set of positive Lebesgue measure. Such a function will be called a weight
function. Let Hn ðnAWÞ be the set of all algebraic polynomials of degree at most n:
We set

LpðÞ ¼ f : f is measurable on I ;

Z 1

�1

pðxÞj f ðxÞj dxoN

� �
:

Let fok;pðÞgN0 ðok;pðÞAHk; kAWÞ designate the system of algebraic polynomials

orthonormal on I with respect to the weight function p: For fALpðÞ we set

ck;pðÞðf Þ ¼
Z 1

�1

pðuÞf ðuÞok;pðÞðuÞ du; kAW ;

Sm;pðÞðf Þ ¼
Xm

k¼0

ck;pðÞðf Þok;pðÞ; mAW :

We note that

Sm;pðÞðf Þ ¼ f if fAHm ðmAWÞ: ð3Þ
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For rAN; x; uAI we set

Lr;pðÞðu; xÞ ¼ pðuÞ
Xr�1

k¼0

ok;pðÞðuÞok;pðÞðxÞ:

For x; tAI ; rAN we introduce also

Nr;pðÞðx; tÞ ¼
R 1

t
ðt � uÞr�1

Lr;pðÞðu; xÞ du; �1pxptp1;

�
R t

�1ðt � uÞr�1
Lr;pðÞðu; xÞ du; �1ptoxp1:

(
ð4Þ

Lemma 1. If rAN; x0AI ; f ðr�1ÞAAC; then

f ðx0Þ � Sr�1;pðÞðf ; x0Þ ¼
ð�1Þr

GðrÞ

Z 1

�1

f ðrÞðtÞNr;pðÞðx0; tÞ dt: ð5Þ

Proof. Since the functional fx0
ðf Þ ¼ f ðx0Þ � Sr�1;pðÞðf ; x0Þ according to (3)

annihilates all elements of Hr�1; hence due to the Peano’s theorem (see [5, p. 70])
we have

fx0
ðf Þ ¼

Z 1

�1

f ðrÞðtÞKðtÞ dt; ð6Þ

where

KðtÞ ¼ 1

GðrÞ fx0;x
½ðx � tÞr�1

þ �; ð7Þ

ðx � tÞr�1
þ ¼ ðx � tÞr�1; xXt;

0; xot;

(

the notation fx0;x½ðx � tÞr�1
þ � means that the functional fx0

is applied to ðx � tÞr�1
þ

considered as a function of x: Obviously,

fx0;x
½ðx � tÞr�1

þ � ¼ ðx0 � tÞr�1
þ �

Z 1

�1

Lr;pðÞðu; x0Þðu � tÞr�1
þ du

¼
ðx0 � tÞr�1 �

R 1
t
ðu � tÞr�1

Lr;pðÞðu; x0Þ du; tox0;

�
R 1

t
ðu � tÞr�1

Lr;pðÞðu; x0Þ du; tXx0:

(
ð8Þ

It follows from (6)–(8) that

fx0
ðf Þ ¼ 1

GðrÞ

Z x0

�1

f ðrÞðtÞðx0 � tÞr�1
dt

�

�
Z 1

�1

f ðrÞðtÞ
Z 1

t

ðu � tÞr�1
Lr;pðÞðu; x0Þ du

� �
dt

�
: ð9Þ
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On the other hand, taking (4) and (3) into consideration we get

ð�1Þr

GðrÞ

Z 1

�1

f ðrÞðtÞNr;pðÞðx0; tÞ dt

¼ ð�1Þr

GðrÞ �
Z x0

�1

f ðrÞðtÞ
Z t

�1

ðt � uÞr�1
Lr;pðÞðu; x0Þ du

� ��
dt

þ
Z 1

x0

f ðrÞðtÞ
Z 1

t

ðt � uÞr�1
Lr;pðÞðu; x0Þ du

� �
dt

¼ 1

GðrÞ

Z x0

�1

f ðrÞðtÞ
Z 1

�1

ðu � tÞr�1
Lr;pðÞðu; x0Þ du

� �
dt

� 1

GðrÞ

Z x0

�1

f ðrÞðtÞ
Z 1

t

ðu � tÞr�1
Lr;pðÞðu; x0Þ du

� �
dt

þ ð�1Þr

GðrÞ

Z 1

x0

f ðrÞðtÞ
Z 1

t

ðt � uÞr�1
Lr;pðÞðu; x0Þ du

� �
dt

¼ 1

GðrÞ

Z x0

�1

f ðrÞðtÞðx0 � tÞr�1
dt

� 1

GðrÞ

Z 1

�1

f ðrÞðtÞ
Z 1

t

ðu � tÞr�1
Lr;pðÞðu; x0Þ du

� �
dt: ð10Þ

Equalities (9) and (10) yield (5). Lemma 1 is proved. &

Lemma 2. If pðuÞ ¼ pmðuÞ ¼ ð1� u2Þm ðmANÞ; kAW ; f ðm�1ÞAAC; then

Sk;pmðÞðf ðmÞ; xÞ ¼
Z 1

�1

f ðuÞ
Xk

i¼0

J
ðm;mÞ
i ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 1Þ

p XiþmðuÞ du: ð11Þ

Here fXkgN0 is the orthonormal on I system of Legendre polynomials, fJ
ðm;mÞ
k gN0 is the

orthonormal on I with respect to the weight function ð1� u2Þm
system of Jacobi

polynomials.

Proof. Obviously,

Sk;pmðÞðf ðmÞ; xÞ ¼
Z 1

�1

f ðmÞðuÞLkþ1;pmðÞðu; xÞ du;

Lkþ1;pmðÞðu; xÞ ¼ ð1� u2Þm
Xk

i¼0

J
ðm;mÞ
i ðuÞJðm;mÞ

i ðxÞ:

By integrating m times by parts we get

Sk;pmðÞðf ðmÞ; xÞ ¼ ð�1Þm

Z 1

�1

f ðuÞ dm

dum

� ð1� u2Þm
Xk

i¼0

J
ðm;mÞ
i ðuÞJðm;mÞ

i ðxÞ
 !

du: ð12Þ
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We will make use of the formula (see [9])

dm

dum
ðð1� u2Þm

P
ðm;mÞ
i ðuÞÞ ¼ ð�1Þm2mðm þ iÞðm þ i � 1Þ?ði þ 1ÞPmþiðuÞ; ð13Þ

where PkðuÞ ¼
ffiffiffiffiffiffiffiffi
2

2kþ1

q
XkðuÞ ðkAWÞ; fP

ðm;mÞ
k gN0 is the system of Jacobi polynomials

orthogonal on I with the weight ð1� u2Þm and standardized by the condition

P
ðm;mÞ
k ð1Þ ¼ Gðkþmþ1Þ

k!Gðmþ1Þ : Equality (11) follows directly from (12) and (13). Lemma 2 is

proved. &

3. Theorem 1

Theorem 1. The following relation holds true if mAN; kAW ; rA½1;N�:

Amþkþ1;mð2;N; rÞ ¼ 1

2mþ1
2Gðm þ 1Þ

�
Xk

i¼0

G2ði þ 2m þ 1Þð2i þ 2m þ 1Þ
ði!Þ2

 !1
2

: ð14Þ

Proof. Equality (11) implies ðkAW ; xAI ; f ðm�1ÞAACÞ

jSk;pmðÞðf ðmÞ; xÞjpjj f jj2
Xk

i¼0

Gði þ 2m þ 1Þ
Gði þ 1Þ ðJðm;mÞ

i ðxÞÞ2
 !1

2

;

which in turn leads to

jjSk;pmðÞðf ðmÞ; xÞjj
N
p jj f jj2

Xk

i¼0

Gði þ 2m þ 1Þ
Gði þ 1Þ ðJðm;mÞ

i ð1ÞÞ2
 !1

2

¼ jj f jj2
Xk

i¼0

G2ði þ 2m þ 1Þð2i þ 2m þ 1Þ
ði!Þ2

 !1
2

� 1

2mþ1
2Gðm þ 1Þ

: ð15Þ

It follows from the equality

f ðmÞðxÞ � Sk;pmðÞðf ðmÞ; xÞ ¼ ð�1Þkþ1

Gðk þ 1Þ

Z 1

�1

f ðmþkþ1ÞNkþ1;pmðÞðx; tÞ dt; ð16Þ
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inequality (15) and Hölder’s inequality that 8rA½1;N� we have

Amþkþ1;mð2;N; rÞp 1

2mþ1
2Gðm þ 1Þ

�
Xk

i¼0

G2ði þ 2m þ 1Þð2i þ 2m þ 1Þ
ði!Þ2

 !1
2

: ð17Þ

We will prove now that in fact there is equal sign in inequality (17). Assume that
there is e40 such that 8f and fAWmþkþ1;r we have

jj f ðmÞjj
N
p jj f jj2

1

2mþ1
2Gðm þ 1Þ

Xk

i¼0

G2ði þ 2m þ 1Þð2i þ 2m þ 1Þ
ði!Þ2

 !1
2

�e

2
64

3
75

þ Cðm; k; rÞjj f ðmþkþ1Þjjr; ð18Þ

where Cðm; k; rÞ is a positive constant depending on m; k; r: We set

f0ðuÞ ¼
Xk

i¼0

J
ðm;mÞ
i ð1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

Gði þ 1Þ

s
XiþmðuÞAHkþm: ð19Þ

It follows from (3), (16), (19) that 8xAI we have

f
ðmÞ
0 ðxÞ ¼

Z 1

�1

f0ðuÞ
Xk

i¼0

J
ðm;mÞ
i ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 1Þ

p XiþmðuÞ du;

therefore

f
ðmÞ
0 ð1Þ ¼ 1

22mþ1 G2ðm þ 1Þ
Xk

i¼0

G2ði þ 2m þ 1Þð2m þ 2i þ 1Þ
ði!Þ2

: ð20Þ

By applying (18) to f0ðuÞ we get

j f
ðmÞ
0 ð1Þjp jj f0jj2

� 1

2mþ1
2Gðm þ 1Þ

Xk

i¼0

G2ði þ 2m þ 1Þð2i þ 2m þ 1Þ
ði!Þ2

 !1
2

�e

2
64

3
75

¼
Xk

i¼0

ðJðm;mÞ
i ð1ÞÞ2 Gði þ 2m þ 1Þ

Gði þ 1Þ

 !1
2

� 1

2mþ1
2Gðm þ 1Þ

Xk

i¼0

G2ði þ 2m þ 1Þð2i þ 2m þ 1Þ
ði!Þ2

 !1
2

�e

2
64

3
75
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¼ 1

2mþ1
2Gðm þ 1Þ

Xk

i¼0

G2ði þ 2m þ 1Þð2i þ 2m þ 1Þ
ði!Þ2

 !1
2

� 1

2mþ1
2Gðm þ 1Þ

Xk

i¼0

G2ði þ 2m þ 1Þð2i þ 2m þ 1Þ
ði!Þ2

 !1
2

�e

2
64

3
75: ð21Þ

Relations (20) and (21) lead to contradiction. Theorem 1 is proved. &

Remark 1. By using the weight function pm;aðuÞ ¼ ð1� u2Þmþa ðmAN; a4� 1Þ
instead of pmðuÞ and following the same line of reasoning as for Theorem 1, we can
find the best constant Amþkþ1;mð2; a;N; rÞ in the estimate

jj f ðmÞjj
N
pAjj f jj2;a þ Bjj f ðmþkþ1Þjjr; ð22Þ

where

jj f jj2;a ¼
Z 1

�1

ð1� x2Þaf 2ðxÞ dx

� �1
2

; Amþkþ1;mð2; a;N; rÞ ¼ inf
A

A;

where inf is taken over all A40 such that for some B40 inequality (22) holds
8fAWmþkþ1;r: The formula for Amþkþ1;mð2; a;N; rÞ is

Amþkþ1;mð2; a;N; rÞ

¼ 1

2mþaþ1
2Gðm þ aþ 1Þ

�
Xk

i¼0

G2ði þ 2m þ 2aþ 1ÞGðm þ i þ 1Þð2m þ 2aþ 2i þ 1Þ
Gði þ m þ 2aþ 1Þði!Þ2

 !1
2

:

4. Some estimates for Amþkþ1;mð2; q; rÞ

Theorem 2. For mAN; kAW ; 1pq; rpN the following estimate holds true:

Amþkþ1;mð2; q; rÞp 2
1
q
�m�1

2

Gðm þ 1Þ
Xk

i¼0

G2ði þ 2m þ 1Þð2m þ 2i þ 1Þ
ði!Þ2

 !1
2

: ð23Þ
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Proof. It follows from (11) and (16) that 8xAI and 8f ; such that f ðmþkÞAAC we have

f ðmÞðxÞ ¼
Z 1

�1

f ðuÞ
Xk

i¼0

J
ðm;mÞ
i ðxÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 1Þ

p XiþmðuÞ du

þ ð�1Þkþ1

k!

Z 1

�1

f ðmþkþ1ÞðtÞNkþ1;pðÞðx; tÞ dt: ð24Þ

By applying Minkowski inequality we obtain from (24) that

jj f ðmÞjjqp
Z 1

�1

Z 1

�1

f ðuÞ
Xk

i¼0

J
ðm;mÞ
i ðxÞ

�����
(

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 1Þ

p XiþmðuÞ du

�����
q

dx

)1
q

þ 1

k!

Z 1

�1

Z 1

�1

f ðmþkþ1ÞðtÞNkþ1;pðÞðx; tÞ dt

����
����
q

dx

( )1
q

:

It follows from Hölder’s inequality that

jj f ðmÞjjqp
Z 1

�1

jj f jj2
Xk

i¼0

Gði þ 2m þ 1Þ
Gði þ 1Þ ðJðm;mÞ

i ðxÞÞ2
 !1

2

2
64

3
75

q

dx

8><
>:

9>=
>;

1
q

þ 1

k!
jj f ðmþkþ1Þjjr �

Z 1

�1

Z 1

�1

jNkþ1;pðÞðx; tÞjr
0
dt

� �q
r0

dx

2
4

3
5
1
q

p jj f jj2
Xk

i¼0

Gði þ 2m þ 1Þ
Gði þ 1Þ ðJðm;mÞ

i ð1ÞÞ2
 !1

2

2
1
q

þ 1

k!
jj f ðmþkþ1Þjjr

Z 1

�1

Z 1

�1

jNkþ1;pðÞðx; tÞjr
0
dt

� �q
r0

dx

2
4

3
5
1
q

¼ jj f jj2
2
1
q
�m�1

2

Gðm þ 1Þ
Xk

i¼0

G2ði þ 2m þ 1Þð2m þ 2i þ 1Þ
ði!Þ2

 !1
2

þ 1

k!
jj f ðmþkþ1Þjjr

Z 1

�1

Z 1

�1

jNkþ1;pðÞðx; tÞjr
0
dt

� �q
r0

dx

2
4

3
5
1
q

;

which implies (23). Theorem 2 is proved. &

Remark 2. It can be proved that for k ¼ 0 inequality (23) turns into equality.
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5. Some estimates for Amþkþ1;mðp; q; rÞ

By applying Hölder’s and Minkowski inequalities to the right-hand side

of (24) we obtain (p0 ¼ p

p � 1
for 1opoN; p0 ¼ 1 for p ¼ N; p0 ¼ N

for p ¼ 1)

jj f ðmÞjjqp jj f jjp
Xk

i¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 1Þ

p jjXiþmjjp0  jj J
ðm;mÞ
i jjq

þ 1

k!
jj f ðmþkþ1Þjjr

Z 1

�1

Z 1

�1

jNkþ1;pðÞðx; tÞjr
0
dt

� �q
r0

dx

8<
:

9=
;

1
q

: ð25Þ

To derive estimates for Amþkþ1;mðp; q; rÞ from (25) we need estimates for jjXiþmjjp0
and jj J

ðm;mÞ
i jjq:

Lemma 3. The following estimates for jjXiþmjjp0 are valid.

(1) If p44
3
; then

jjXiþmjjp0p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

2

r
ði þ mÞ�

1
4ði þ m þ 1Þ�

1
4

�
ffiffiffi
p

p
G �p0

4
þ 1

! "
G �p0

4
þ 3

2

! "
0
@

1
A

1
p0

; ð26Þ

(2) if p ¼ 4
3
; then

jjXiþmjj4p2�
1
43

1
2 ln

1
4½1þ ði þ mÞði þ m þ 1Þ�; ð27Þ

(3) if po4
3
; then

jjXiþmjjp0p3
1
22

1
p0�

1
2

p0

4
� 1

� ��1
p0

ði þ mÞ
1
2
�2

p0 : ð28Þ

Proof. To prove (26) we make use of Martin’s inequality for Legendre polynomials
(see [7])

jPnðxÞjp
1

½1þ nðn þ 1Þð1� x2Þ�
1
4

; nAN; jxjp1:
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The following goes without saying:

jjXiþmjjp0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

2

r Z 1

�1

jPiþmðuÞjp
0
du

� �1
p0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

p
� 2

1
p0�

1
2

Z 1

0

du

½1þ ði þ mÞði þ m þ 1Þð1� u2Þ�
p0

4

8<
:

9=
;

1
p0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

p
� 2�

1
2ði þ mÞ�

1
2p0 ði þ m þ 1Þ�

1
2p0

�
Z 1þðiþmÞðiþmþ1Þ

1

½ði þ mÞði þ m þ 1Þ þ 1� z��
1
2z�

p0

4 dz

( )1
p0

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

p
� 2�

1
2ði þ mÞ�

1
2p0

�
Z 1þðiþmÞðiþmþ1Þ

1

½1þ ði þ mÞði þ m þ 1Þ � z��
1
2ðz � 1Þ�

p0

4 dz

( )1
p0

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

p
� 2�

1
2ði þ mÞ�

1
4ði þ m þ 1Þ�

1
4

ffiffiffi
p

p
G � p0

4
þ 1

! "
G � p0

4
þ 3

2

! "
0
@

1
A

1
p0

:

To obtain (27) and (28) we start as before but instead of using the estimate z�
p0

4oðz �

1Þ�
p0

4 ðz41Þ we will apply to the integralZ 1þðiþmÞðiþmþ1Þ

1

½1þ ði þ mÞði þ m þ 1Þ � z��
1
2z�

p0

4 dz

the following Chebyshev’s inequality: if f ; gAC½a; b� and are monotonic in an
opposite way, thenZ b

a

f ðxÞ dx

Z b

a

gðxÞ dxXðb � aÞ
Z b

a

f ðxÞgðxÞ dx;

(see [2, p. 51]). On the supposition of po4
3
we getZ 1þðiþmÞðiþmþ1Þ

1

ði þ mÞði þ m þ 1Þ þ 1� zð Þ�
1
2z�

p0

4 dz

p
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ði þ mÞði þ m þ 1Þ
p

�p0

4
þ 1

! " f½1þ ði þ mÞði þ m þ 1Þ��
p0

4 � 1g

p
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ði þ mÞði þ m þ 1Þ
p

p0

4
� 1

! ";
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which implies

jjXiþmjjp0p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

2

r
ði þ mÞ�

1
2p0 ði þ m þ 1Þ�

1
2p0

� 2
1
p0

p0

4
� 1

! "1
p0
ði þ mÞði þ m þ 1Þð Þ�

1
2p0

p
ffiffiffi
3

p
 2

1
p0�

1
2

p0

4
� 1

! "1
p0
ði þ mÞ

1
2
�2

p0 :

Estimate (28) is proved. Estimate (27) can be proved in a similar manner. This
completes the proof of Lemma 3. &

Remark 3. All the estimates (26)–(28) give for jjXiþmjjp0 the right order of growth

with respect to i þ m (see [4]).

Lemma 4. There are following estimates for jj J
ðm;mÞ
i jjq:

(1) for q42; mAN we have

jj J
ðm;mÞ
i jjqp

ði þ 1Þ1�
2
qp

�3
q
þ 2

q2
þ1

ffiffiffi
i!

p
2
�3

q
þ 2

q2
þ1
2þm

q

q � 2

� �1
q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m þ 2i þ 1

p

GðmÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2mÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i þ 2m

p ; ð29Þ

(2) for m ¼ 1; q ¼ 4
3

we have

jj J
ð1;1Þ
i jj4

3
p
12

3
4

p
1
2

ln
3
4ði þ 2Þ þ 2�

1
4; ð30Þ

(3) for m ¼ 1; qo4
3 we have

jj J
ð1;1Þ
i jjqp

2
1
q3

3
4

p
1
2 1� 3q

4

' (; ð31Þ

(4) for m ¼ 1; q44
3

we have

jj J
ð1;1Þ
i jjqp

2
1
q3

3
4

p
1
2

3q
4
� 1

' (1
q

þ 2
1
q
�1

0
B@

1
CAði þ 2Þ

3
2
�2

q; ð32Þ
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(5) for mX2; 1pqp2 we have

jj J
ðm;mÞ
i jjqp 2

1�1
q
þ�4m2þ16mþ25

2ð2mþ1Þ ðm!Þ
3�2m
2mþ1

2m þ 1

2m � 3
p�

2
2mþ1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 1Þ

p G i þ m þ 1
2

' (
Gði þ 2m þ 1Þ

� � 4
2mþ1

:

ð33Þ

Proof. (1) To prove (29) we make use of the following inequality which was proved
in [1]:

if fAHn; nAN; 1pqpN then

jj f 0jjqpjjT 0
njjq  jj f jjC ; TnðxÞ ¼ cosðn arccos xÞ: ð34Þ

In case of 2oqoN it follows from (34) that for fAHn

jj f 0jjqp
p
�3

q
þ 2

q2
þ1

2
�3

q
þ 2

q2
þ1

q

q � 2

� �1
q

n
2�2

q jj f jjC : ð35Þ

Taking (35) into consideration we obtain

jj J
ðm;mÞ
i jjq ¼

ffiffiffi
i!

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p jjðX ðm�1Þ
iþm Þ0jjq

p
ffiffiffi
i!

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p p
�3

q
þ q

q2
þ1

2
�3

q
þ 2

q2
þ1

q

q � 2

� �1
q

�ði þ 1Þ2�
2
qjjX ðm�1Þ

iþm jjC

¼
ffiffiffi
i!

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p p
�3

q
þ 2

q2
þ1

2
�3

q
þ 2

q2
þ1

q

q � 2

� �1
q

ði þ 1Þ2�
2
q X

ðm�1Þ
iþm ð1Þ

¼ ði þ 1Þ1�
2
qffiffiffi

i!
p p

�3
q
þ 2

q2
þ1

2
�3

q
þ
2

q2
þ1þm

q

q � 2

� �1
q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m þ 2i þ 1

p

GðmÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2mÞ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i þ 2m

p :

Estimate (29) is proved. &

(2) In case of m ¼ 1; q ¼ 4
3
we take into account that

J
ð1;1Þ
i ðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 3

pffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffi
i þ 1

p ffiffiffiffiffiffiffiffiffiffi
i þ 2

p P0
iþ1ðxÞ ð36Þ

and

ð1� x2Þ
3
4jP0

nðxÞjo
3
3
4

p
1
2

ffiffiffi
n

p
; xA½�1; 1� ð37Þ
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(see [8, p. 68]). By setting e ¼ ði þ 2Þ�2; applying (36), (37) and taking into

consideration that jjP0
iþ1jjC½�1;1� ¼ P0

iþ1ð1Þ ¼
ðiþ1Þðiþ2Þ

2
; we get

jj J
ð1;1Þ
i jj4

3
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 3

pffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffi
i þ 1

p ffiffiffiffiffiffiffiffiffiffi
i þ 2

p
Z 1

�1

jP0
iþ1ðxÞj

4
3 dx

� �3
4

o
1ffiffiffiffiffiffiffiffiffiffi

i þ 1
p 2

Z 1

0

jP0
iþ1ðxÞj

4
3 dx

� �3
4

¼ 2
3
4ffiffiffiffiffiffiffiffiffiffi

i þ 1
p

Z 1�e

0

jP0
iþ1ðxÞj

4
3 dx þ

Z 1

1�e
jP0

iþ1ðxÞj
4
3 dx

� �3
4

p
2
3
4ffiffiffiffiffiffiffiffiffiffi

i þ 1
p

Z 1�e

0

jP0
iþ1ðxÞj

4
3 dx

� �3
4

þ
Z 1

1�e
jP0

iþ1ðxÞj
4
3 dx

� �3
4

8<
:

9=
;

p
2
3
4ffiffiffiffiffiffiffiffiffiffi

i þ 1
p 3

3
4
ffiffiffiffiffiffiffiffiffiffi
i þ 1

p

p
1
2

Z 1�e

0

ð1� x2Þ�1
dx

� �3
4

þe
3
4
ði þ 1Þði þ 2Þ

2

8<
:

9=
;

p
6
3
4

p
1
2

Z 1�e

0

ð1� xÞ�1
dx

� �3
4

þ2�
1
4
ffiffiffiffiffiffiffiffiffiffi
i þ 1

p
ði þ 2Þe

3
4

¼ 6
3
4

p
1
2

ð� ln eÞ
3
4 þ 2�

1
4
ffiffiffiffiffiffiffiffiffiffi
i þ 1

p
ði þ 2Þe

3
4p

12
3
4

p
1
2

ln
3
4ði þ 2Þ þ 2�

1
4:

The inequality (30) is proved.

(3) To prove (31) it suffices to make use of (36) and (37) when estimating jj J
ð1;1Þ
i jjq:

(4) Proof of (32) is similar to the proof of (30).
(5) To prove (33) we consider the case q ¼ 1 first. There is the

following relationship between the polynomial J
ðm;mÞ
i ðxÞ and the Legendre function

Pm
iþmðxÞ:

J
ðm;mÞ
i ðxÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i!

Gði þ 2m þ 1Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

p ffiffiffi
2

p ð1� x2Þ�
m
2Pm

iþmðxÞ: ð38Þ

We will use the following estimates for the Legendre function Pm
n ðxÞ:

jð1� x2Þ
1
4Pm

n ðxÞjo
2mþ1G n þ 1

2

' (
ffiffiffi
p

p
Gðn � m þ 1Þ; m; nAN; xA½�1; 1�; ð39Þ

jPm
n ðxÞjpð1� x2Þ

m
2
2�mðn þ mÞ!
m!ðn � mÞ! ;

0pmpn; m; nAW ; xA½�1; 1�; ð40Þ
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(see [6]). Making use of (39) and (40) we obtain ð0oeo1Þ
Z 1

�1

j J
ðm;mÞ
i ðxÞj dx

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

i!

Gði þ 2m þ 1Þ

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

2

r Z 1

�1

ð1� x2Þ�
m
2 jPm

iþmðxÞj dx

¼
ffiffiffi
i!

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p ffiffiffi
2

p
Z 1�e

�1þe
ð1� x2Þ�

m
2
�1
4ð1� x2Þ

1
4jPm

iþmðxÞj dx

�

þ 2

Z 1

1�e
ð1� x2Þ�

m
2 jPm

iþmðxÞj dx

�

p
ffiffiffi
i!

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p ffiffiffi
2

p 2mþ1G i þ m þ 1
2

' (
ffiffiffi
p

p
Gði þ 1Þ

�

� 2

Z 1�e

0

ð1� x2Þ�
m
2
�1
4 dx þ 2�mþ1ði þ 2mÞ!

m!i!
e
�

p
ffiffiffi
i!

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p ffiffiffi
2

p 2mþ2G i þ m þ 1
2

' (
ffiffiffi
p

p
Gði þ 1Þ

Z 1�e

0

ð1� xÞ�
m
2
�1
4 dx

�

þ2�mþ1ði þ 2mÞ!
m!i!

e
�

¼
ffiffi
i

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p ffiffiffi
2

p 2mþ2G i þ m þ 1
2

' (
ffiffiffi
p

p
Gði þ 1Þ � e�

m
2
þ3
4

�m
2
þ 3

4

þ 1

� m
2
þ 3

4

0
@

1
A

0
@

þ2�mþ1ði þ 2mÞ!
m!i!

e
�

o
ffiffi
i

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p ffiffiffi
2

p 2mþ2G i þ m þ 1
2

' (
e�

m
2
þ3
4ffiffiffi

p
p

Gði þ 1Þ m
2
� 3

4

' ( þ 2�mþ1ði þ 2mÞ!
m!i!

e

0
@

1
A

¼
ffiffiffi
i!

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p ffiffiffi
2

p jðeÞ: ð41Þ

By minimizing jðeÞ over 0oeo1 we derive from (41) that

Z 1

�1

j J
ðm;mÞ
i ðxÞj dxp 2

�4m2þ16mþ25
2ð2mþ1Þ ðm!Þ

3�2m
2ð2mþ1Þ 2m þ 1

2m � 3
p�

2
2mþ1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2i þ 2m þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 2m þ 1Þ

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Gði þ 1Þ

p G i þ m þ 1
2

' (
Gði þ 2m þ 1Þ

� � 4
2mþ1

;

ð42Þ
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so that for q ¼ 1 estimate (33) is proved. To complete proof of (33) we can use (42)
and the following result: 8fAHn; 1pqpN; we have

jj f jjqp2
1�1

qn
2 1�1

q

! "
jj f jj1: ð43Þ

Estimate (33) is an immediate consequence of (42) and (43). This completes the proof
of Lemma 4. &

Remark 4. All the estimates (29)–(33) give for jjJðm;mÞ
i jjq the right order of growth

with respect to i (see [4]).
When deriving estimates for Amþkþ1;mðp; q; rÞ from (25) and Lemmas 3 and 4, we

have to differentiate between 15 cases. We will list estimates for Amþkþ1;mðp; q; rÞ
such that right-hand side gives for k ¼ 0 the right order of growth with respect to m

(see (2)). Besides, we list some estimates for Akþ2;1ðp; q; rÞ:

Theorem 3. (1) For p44
3
; q42 the following estimate is valid ðmAN; kAWÞ:

Amþkþ1;mðp; q; rÞpG
1
p0 �p0

4
þ 1

� �
G
�1

p0 �p0

4
þ 3

2

� �
2
3
q
� 2

q2
�1
p

1
2p0�

3
q
þ 2

q2
þ1

� q

q � 2

� �1
q 1

2mGðmÞ
Xk

i¼0

ði!Þ�1Gði þ 2mÞ

� ð2i þ 2m þ 1Þði þ 1Þ1�
2
qði þ mÞ�

1
4ði þ m þ 1Þ�

1
4:

(2) For p44
3
; 1pqp2; mX2; mAN; kAW we have

Amþkþ1;mðp; q; rÞpG
1
p0 �p0

4
þ 1

� �
G
�1

p0 �p0

4
þ 3

2

! "
p

1
2p0�

1
2mþ1

� 2
1
2
�1

q
þ�4m2þ16mþ25

2ð2mþ1Þ
Xk

i¼0

Gði þ 2m þ 1Þð2i þ 2m þ 1Þ
i!

� ði þ mÞ�
1
4ði þ m þ 1Þ�

1
4

�
G i þ m þ 1

2

' (
Gði þ 2m þ 1Þ

� � 4
2mþ1

�ðm!Þ
3�2m
2mþ1

2m þ 1

2m � 3
:

(3) For p44
3
; qo4

3
; kAW we have

Akþ2;1ðp; q; rÞp
G

1
p0 �p0

4
þ 1

! "
G
�1

p0 �p0

4
þ 3

2

! "
p
� 1
2p2

1
q
�1

3
3
4

1� 3q
4

ðk þ 1Þ ðk þ 4Þ:
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(4) For po4
3
; 4
3
oqp2; kAW we have

Akþ2;1ðp; q; rÞp 3
1
22

1
q
þ1

p0�
1
2

p0

4
� 1

� ��1
p0

� 3
3
4

p
1
2

3q
4 � 1
' (1

q

þ 2�1

0
B@

1
CA ðk þ 3Þ

2
p
þ2�2

q

2
p
þ 2� 2

q

:
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