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Abstract

Let L, (1<g< o) be the space of functions / measurable on / = [—1, 1] and integrable to
the power ¢, with norm
1

i, ={/ 1 \f(x)\‘fdx}g.

L, is the space of functions measurable on / with norm

[/, = esssup | f(x)|<o0.

<1

We denote by AC the set of all functions absolutely continuous on I. For ne N, ge[l, o] we
set

Wig= {ff"Veac, f(”)eLq}.
In this paper, we consider the problem of accuracy of constants A, B in the inequalities
1/ "< Al A1, + B, meN, ke Ww;

paque[lvoo}v feWn'l+k+1J" (1)
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1. Introduction

As it follows from our subsequent considerations Vp,q,re[l, o] there are
constants 4, B>0, such that estimate (1) holds Vf'€ W, 441, We set

Am+k+1,m(P: (Ia }’) = 11'ij7

where inf is taken over all 4>0 such that for some B>0 inequality (1) holds
Vf € Wyiks1,. We set also

Bm+k+l,m(p, q, I’) = inf B,
B4 = An1+k+l,m(P; q, r),

where inf is taken over all constants B>0 such that (1) holds Vf' e W, +1, with
A = Ayiir1m(p, q,r). It was proved in [3] that Vme N, 1<p, q,r< o the following
relations are valid:

erlfl 1

1
27 q P m! :Aerl,m(Oquv 7)27p<A111+1,m(paQﬂr)

1

1 1
< Apmiim(1,q,7)2' 7 = 2mm12a b, ()

In this paper, we find explicit expression for A, fr1m(2,00,r) (meN, ke W,
1<r< o). In some cases we find estimates of A, x+1m(p, g,r) from above.

2. The main tools

Our main tool is one integral representation of functions related to orthogonal
polynomials.

Let p be a function defined on I such that (1) pe AC, (2) p(x)=0o0n I, (3) p(x)>0
on a set of positive Lebesgue measure. Such a function will be called a weight
function. Let H, (ne W) be the set of all algebraic polynomials of degree at most n.
We set

L,,= {f:f is measurable on I,/llp(x)|f(x)|dx<oo}.

Let {wkp()}o (@pp() €Hy, ke W) designate the system of algebraic polynomials
orthonormal on 7 with respect to the weight function p. For f'e L, we set

1
Ck;p(<)(f) = [lp(u)f(u)wk;p(-)<u) du, keW,
Sup) (1) = Y Chp() (i), meW.
k=0

We note that
Sm;P(')(f) :f iffEHm (me W) (3)
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For reN, x,uel we set

Llp Z WOfe;p(-) wkp )( )
For x,tel, re N we introduce also
1 r—1
(t—u)"" Ly (u, x) du, —I<x<t<l,
Ny = { 10740 Lot (4)
— Jo(t—u)"" Loy (u,x) du, —1<t<x<l.
Lemma 1. If reN, xoel,f(’*”eAC, then
f(X()) — Srflz,p() X(),l) dt. (5)

Proof. Since the functional ¢, (f) =f(x0) = S,_1,()(f;X0) according to (3)
annihilates all elements of H,_ |, hence due to the Peano’s theorem (see [5, p. 70])
we have

1
¢Mﬁ=[gmmmoa ©)
where
mwzﬁﬁmww—ofL 7)
P L (x_t)r_]a X?t,
=1 {0, x<t,

the notation ¢, [(x — t)’:]] means that the functional ¢ is applied to (x — t)f;l

considered as a function of x. Obviously,

1
d)xn;x[(x - Z)T] =(x0 — l)’:l - [1 Ly (uy x0) (u — l)iil du

_ (XO - t)ril - ftl (U - t)rilLr:,p() (u7 XO) dua 1 <Xp,
- f,l (u— t)rflL,._p()(u7 Xo) du, 1=Xx.
It follows from (6)—(8) that

(8)

¢y (f) = {/ FO) (o — 1)t

_ 1 1 £ () ( /, l(u — 1) Ly (1, x0) du) dt}. ©)
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On the other hand, taking (4) and (3) into consideration we get

rp( Xo, )dt

= F_(r) {— [ AU ( [ ,1([_ W)™ Ly (4, X0) du> d
+ / :f ") (1) ( /, 1(r — 1) Ly (1, X0) du) dt
Sl IRALL ( / (1) Ly 10 30) du) i
o] ([ = 0 Ly (1.30) )
(_l)r 0 1) (/l(t—u)"IL,.;p(A)(u,xo)du> di
/ SO o — 0y dr
o) [ AU ( /l (= 1) Ly (11, %0) du) dt. (10)

Equalities (9) and (10) yield (5). Lemma 1 is proved. O

Lemma 2. If p(u) = p,(u) = (1 —u?)" (meN), ke W, f""De AC, then
k

11,1 F(i+2m+1)
Stpny /f ZJ —F(i+1) Xiom (1) du. (11)

Here { X} }" is the orthonormal on I system of Legendre polynomials, {J kmm Yo is the

orthonormal on I with respect to the weight function (1 —u?)" system of Jacobi
polynomials.

Proof. Obviously,
Sk P (- m / f Lk+l P (- (ua X) dua

Lici 1) (11, %) = (1 = 12)" Z T () I (x).
i=0

By integrating m times by parts we get

Sk;/’m(‘) (f(’” / f dum
<1—u ZJ"”” ()T (x )) du. (12)
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We will make use of the formula (see [9])

dm

o (L= )" P () = (=1)"2" (m - 0)(m i = 1) (0 1) Pngs(w), - (13)

where Py (u) =
orthogonal on I with the weight (1 —u?)” and standardized by the condition
P,im’m)(l) = %ﬁr:l”:ll)). Equality (11) follows directly from (12) and (13). Lemma 2 is
proved. [

e X (u) (ke W), {P""™ & is the system of Jacobi polynomials

3. Theorem 1

Theorem 1. The following relation holds true if me N, ke W, re[l, oo]:

1
Amsks1,m(2, 00,71) -1
2m+§1"(m_|_ 1)
1
k 20+ | 2
(i +2m + 1)(2i +2m + 1)
" (Z (i) | "
i=0 ’

Proof. Equality (11) implies (ke W, xel, "V e AC)

1
k 2
I + 2m + mam
1Sty F ) <111 (} : fitamtl) o ><x>>2> :

i=0

which in turn leads to

1
k 2
Sy 50N < 11/ 1 (ZF’”m“)(J}m’”(l))z)

i=0

1
k 2(j m i m 2
il (Z r(i+2 +(1.'))(22 +2 +1)>
l:0 l.
x%. (15)
2" (m 4 1)

It follows from the equality

_1 jas
FU(x) = Sty (F™ %) = / SN o (1) dt, (16)
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inequality (15) and Hélder’s inequality that Vre([l, co] we have
1

Am+k+l,m(2a o0, r) < -1
2" (m+ 1)

1
y (i F2(i+2m+1)(2i+2m+1)>2. (17

= (i1’

We will prove now that in fact there is equal sign in inequality (17). Assume that
there is >0 such that Vf and f € W, ¢4, we have

1
1 kP24 2m+ Qi+ 2m+1)\?
10, < 111 ( (“Fm+>‘”‘m+>>_g

2" (m 4 1) (i1’
+ Cm, ke, r)|| f D, (18)

where C(m, k,r) is a positive constant depending on m, k, r. We set

k

f(](u) _ Z Ji(mJn) ( 1)

i=0

I'(i+2m+1)

F(l+ l) /Yi+m(u)€Hk+m- (19)

It follows from (3), (16), (19) that Vxel we have

(m m) l + 2m + 1)
J (= 4AitmlU du7
/fb ZZ el
therefore
k 2/
(m) (1 — 1 F0+mn+UQm+m+1) 20
fb ( ) 22m+1 F2<m_|_ 1) Z (l') ( )

By applying (18) to fo(u) we get
A )< (1 foll,

X

1 (iﬂwumww+m+wis
2m+21—v(m+ 1 F (l')

1

k . 2
_ (mm) yy2 LG+ 2m 4+ 1)
(M(L (1) TG+ >

X

1
1 2+ 2m+ 1) 2+ 2m+ 1)\
) 1) -t
2" (m + 1) (1)
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1
1 i+ 2m+ 1) 2+ 2m+ 1)\
:7l 1 3
2" (m + 1) \i=0 (i)
1
1 K4 2m+1)2i+2m+1)\?
y 17( (i+2m+ .)(21—&- m+ )) el (21)
2" (m + 1) \i=0 )

Relations (20) and (21) lead to contradiction. Theorem 1 is proved. [

Remark 1. By using the weight function p,,,(u) = (1 —u?)"™ (meN, a> —1)
instead of p,,(u) and following the same line of reasoning as for Theorem 1, we can
find the best constant A, 4i+1,,(2,o; 00,r) in the estimate

17 < ANl f 1l + BILS VL (22)

where

1

1 2
||f||2,oc = {/ (1 - x2)0tf2(x) dX} 5 Am-‘rk+1,m(25a; OO,I') = H}lf Aa
-1

where inf is taken over all 4 >0 such that for some B>0 inequality (22) holds
Vf € Witit1,- The formula for A, 1,(2,0; 00, ) is

Am+k+l,m(2; o o0, l")

1

- |
2m+o¢+§l—v(n/l+o€+ 1)

1
y iFz(i+2m+2oc+1)F(m+i+l)(2m+20c+2i+l) 2
pary (i 4 m+ 20+ 1)) '

4. Some estimates for A4, i+1.m(2,4,7)

Theorem 2. For meN, ke W, 1<q,r< oo the following estimate holds true:

Am+k+l,m(27 q, }") <

1 1 1
202 (S THi+2m+ 1D)2m+2i+1)\?
I'(m+1) (2_; (i)’ ' @)
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Proof. It follows from (11) and (16) that Vx eI and V£, such that £ € AC we have

1 k :
(m) — (m,m) M '
70 = [ 3 a7 ) Y2 D )
kL
+ ( 2 [lf(m+k+l)(l)NkJrl:p(.)(x, 1) dt. (24)

By applying Minkowski inequality we obtain from (24) that

1 1 k
VRIS {/ /lf(u)
- - i=0

I'(i+2 1
(NI D) )
ri+1)

1 1
*Ef_l

It follows from Hoélder’s inequality that

" ()

7 q
dx}

1
/ SO () N1 (5, 1) dt
~1

1

q q
dx p .
1749 q

! k l. m m,m E
i< [ ||f||2<ZW(Jf’>(X))Z) s

i=0

1

q
1 " 1 1 p P q
+ EHf< T, x [/1(/1 [Niesrp) (%, 0)] d’) dx]

1

k l m m.m E l

< |If (E 7F(F+(i2+ 1?”(Jf " >(1))2> 24
i=0

q
1 m : ! 4 r
+ EHf( ), [/1 (/1 [ Nict () (3, 7)) dl‘> dx]

1 1 1
207772 (E i+ 2m+1)2m+2i+ 1) ?

i=0

q
L om ! ! o\
*E”f( |, {/1</1|Nk+1;p(.)(x,t)| dt> dx] ,

which implies (23). Theorem 2 is proved. [

==

=

Remark 2. It can be proved that for k£ = 0 inequality (23) turns into equality.
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5. Some estimates for A4, i+1m(p,q,7)

By applying Hoélder’'s and Minkowski inequalities to the right-hand side

of (24) we obtain (p’:% for l<p<oo, pP=1 for p=oo, p'=w

forp=1)
VIG+2m+ 1) N
||fm ||q\ Hf” Z \/m || i+m||p/ . ||Ji(nym)‘|q
g 1
1 m ! ! I 4
+ EHf( +k+1>||,, /1 [/1 |Nics1p0) (x, 1) dt| dx . (25)

To derive estimates for A, 1ir1.m(p,¢,r) from (25) we need estimates for || Xiip|| m
and || Ji(m,m)Hq.

Lemma 3. The following estimates for ||Xiim||, are valid.

(1) If p>3, then

2i4+2m+1,. 1 1
il < =5 m) 8 m 1)S

()’

X / ; (26)
r(-+3)
(2) if p=1%, then
11 1
[ Xim|s<27432In4[1 + (i +m)(i + m + 1)]; (27)
() if p<%, then
1L Ly Vi 12
onlly <3272 (1) " mp 7 o8

Proof. To prove (26) we make use of Martin’s inequality for Legendre polynomials

(see [7])

1
[Pa(x)| < , neN, |x[<L.

[1+nn+1)(1—x2)]

Bi—
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The following goes without saying:

1
i+ 2m+1( [! v
||A/i+m‘|p’ = B {/1 |Pi+M(u)|p du}

11 1
<M%+2m+1x2f2(/ du
0

[+ (i 4+ m)(i+m+ D(1 —u2)]T
1

1 _L _1
=V2i4+2m+1x272(i+m) ¥(i+m+1) 2

1
14+ (i+m) (i+m—+1) 1y 7
X / [((+m)(i+m+1)+1—z 22 4dz
1

1 _L
<SV2+2m+1x272(i+m) ¥

1
1+(i+m)(i+m+1) 1 » Vi
« / L4 Gtm)i+tmt1)—z2—1)Td
1

1

0 B o (vAr(=5 1))

=V2i+2m+1x272(i+m)4(i+m+1)4 | ——=] .
r(-5+}

P
To obtain (27) and (28) we start as before but instead of using the estimate z~ 4 < (z —

/

L
1)"4 (z>1) we will apply to the integral

pl
4

14+(i+m)(i+m+1) 1
/ M+ G+m(i+m+1)—z]2z4dz
1

the following Chebyshev’s inequality: if f,ge Cla,b] and are monotonic in an
opposite way, then

b b b
/ 1) dx / g(x)dx>(b—a) [ f(x)g(x)dx,

(see [2, p. 51]). On the supposition of p<§ we get

p/
4

z

| —

1+(i+m)(i+m+1)
/ ((+m)(i+m+1)+1—z)" dz
1

2

Vit m)i+m+ 1)(—%’+ 1)
2

¢u+wo+m+ng_g’

< {[1+(i+m)(i+m+1)]7%—l}

<
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which implies

2i+2 1 L L
Xisnlly < \[ =5 ) P i m o+ 1)

2 o
x ——((i+m)(i+m+1)) 7

-1y

1
'
V3 (i+m)

Y
(1)

Bo|—

2
7

217

Estimate (28) is proved. Estimate (27) can be proved in a similar manner. This

completes the proof of Lemma 3. [

Remark 3. All the estimates (26)—(28) give for ||Xiinl|, the right order of growth

with respect to i 4+ m (see [4]).

m,nm) Il.:

Lemma 4. There are following estimates for || Ji( *

(1) for g>2, me N we have
2 3.2 1
(i+1) "WH( a )q
Vi 2%%27%“” q—2
m—+ 21+ 1+ 2m
V2 20+ 1+/I'(i+2m)

177, <

q\

I'(m) Vi+2m
(2) form=1,gq :‘3—‘ we have
3
124 3 1
17" llg <= Ind(i 4 2) +27%;
3 2
() for m =1, <% we have
13
(1,1) 2934
HJI ||q<ﬁ7
(12
(4) for m =1, ¢>% we have
13 | .
2434 1 3 2
1711, < 7 (RS

(32)
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(5) for m=2, 1<q<2 we have

1, =4 +16m+25 3=2m2m+4+1 __2
|q<2 g 202m+l) (m!)2m+l * T 2m+1

17"

m—3

V2i+2m+1/T{i+2m+1) [F(i+m+§) Tart
: ( J |

ri+1) I'i+2m+1

(33)

Proof. (1) To prove (29) we make use of the following inequality which was proved

in [1]:
if feH,, neN, 1<qg< oo then
AN, <UTll, (1 f1les Tu(x) = cos(narccos x).
In case of 2<¢g< oo it follows from (34) that for fe H,
3,2 1
—+5+1 =
44 q \4 22, .
17, < " (5 25) 7 e
C e\ 2 ¢

Taking (35) into consideration we obtain

Vil

J'(m,m) _
|| i ||q (+2m+1)||( i+m )”q
3.4 1
\/i_! 7'[77(]+‘12+1 q q m—1)
< 32 _ ( ) ||)(l+m ||C
F(i+2m+1) 551 \d 2
3,2
Vil naet! q \4,. m—1)
= 3.2 ) (l+1) quhLm (1)
(1+2m+1)2 q+q2+1 q

2

3124 1
_(i+1) ¢ e ( q )q\/2m+2i+l\/F(i+2m)

Vil 3.2 I'(m) Vi+2m

—+—+1+m
2
274

Estimate (29) is proved. D
2)Incaseof m=1, ¢g= 3 we take into account that

V2E3
V2Vitivita !

T (x) =

1

(x)

and

(1= WP (x) < S, xel-1,1]

(37)
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(see [8, p. 68]). By setting &= (i+2)72, applying (36), (37) and taking into

consideration that ||Pi|[c_y ) = P (1) = (l+1)2(i+2)

il , we get

Al

1,1
1780

4= f\/T\/T{/ P '3””‘}

2% 1—¢ 4 1 %
< m |:/0 ‘ l+1( )|3 dx:| |:/ |Pl+1( )|3 dX:|
2% [stvirap 1 (+1)(+2)
: ll {/ (1 —x%) dx} +ed :
\/l-‘r-—l 2 0
3 3
6a[ [1-¢ R 3
<—1{/ (I—x)" dx} F274Vi+ 1(i + 2)es
2 L0
6% 3 12% 3 1
1( In 8)4 +27 4\/ +1(i+2)ed< —lan(i—i—Z) +274.
2 n2

The inequality (30) is proved.
(3) To prove (31) it suffices to make use of (36) and (37) when estimating || Ji<1'l>||q.

(4) Proof of (32) is similar to the proof of (30).
(5) To prove (33) we consider the case ¢ =1 first. There is the

following relationship between the polynomial J™"(x) and the Legendre function
P}’n ( ).
i+m

i! V2i+2m+1
Ii+t2m+1) 2

We will use the following estimates for the Legendre function P(x):

N|§

(1 —X) P:’jﬂn( ) (38)

J'(m,m) (X) _

1

2m+lr(n + )

1
(0= RPN < Ty

m,neN, xe[-1,1], (39)

P <1 - a2 Sl

0<m<n, mneW, xe[-1,1]; (40)

)
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(see [6]). Making use of (39) and (40) we obtain (0<e<1)

1
/ |7 ()] dx
2l+2m+1 __
,/ T \/ / (1= ) 3P, (0

”/18“‘“ 3P (x >|dx)
_ ViV2i+2m+ 1 <2’”“F(i+m+%)

Pﬂ‘l

i+m

(x)] dx

\/ (i+2m+1)vV2\ Val(i+1)
1—¢ m 1 —m+1(; |
X 2/ (1-x*)"274 dx+—2 (l: 2m)'8>
0 m:i.

_ VilV2I 2m <2’”+2F(i+m+%)/“‘g n
Ti+2m+1)V2\ al(i+1) J

2 m+1 1+2m |
m!i!

3
VT ImEd (2r(iemY) [ et 1
ri+2m+1)v2\ Var(i+1) —my 3T _my 3

2y 2m)!n)

' mli!

STt va\ varGinE-3y  mil

 ViNV2it2m 1 © m
T T2

By minimizing ¢(¢) over 0<e¢<1 we derive from (41) that

3
Viv2i+2m+1 (2m+2r(z+m+) 213 2"”+1(i+2m)!8>

1 —4m*+16m-+25 3—2m 2
/ | Ji(m,m) (x)| dx< 2 20m+l) (m!)2(2m+1) im + :1; T 2m+l1
-1 n —

_4
L V2i+2mA 1/T(i+2m+1) {F(i+m+%> rmﬂ
ri+1) I(i+2m+1) ’

(42)
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so that for ¢ = 1 estimate (33) is proved. To complete proof of (33) we can use (42)
and the following result: Vf e H,, 1 <¢g< oo, we have

1 1
||f||q<2l_qn2(l ) 110, (43)

Estimate (33) is an immediate consequence of (42) and (43). This completes the proof
of Lemma 4. [

Remark 4. All the estimates (29)-(33) give for ||J"")]|, the right order of growth
with respect to 7 (see [4]).

When deriving estimates for 4, x+1m(p,q,r) from (25) and Lemmas 3 and 4, we
have to differentiate between 15 cases. We will list estimates for A, i1, ¢,7)
such that right-hand side gives for k = 0 the right order of growth with respect to m
(see (2)). Besides, we list some estimates for Ai421(p,q,7).

Theorem 3. (1) For p>%, q>?2 the following estimate is valid (me N, ke W):
1 / 1 /oo3\ 3.2 , L 32
Apiicrimp,q,r) < TV (_PZ + 1>F 4 <_PZ + E) 24 ¢* 17521)’ gttt

1

g ¢ 1 o 1y
X <q——2> () 2 (Y™ I'(i +2m)

=

22 1 1
x (2i4+2m+1)(i+ 1)1 4W(i+m) 4(i+m+1)74

(2) For p>%, 1<q<2,m>2, meN, ke W we have

L / _1 , i I
Am-&-k+l7m([’, q, V)S ['p’(_%+ 1>F P’(—%—F%)nzﬁ 2m+1

—4m k ; ;
Ry T4 2m ot D@+ 2m 4 1)

i=0 i
1 1
X (i+m)4i+m+1)4

i 1y 72m+1 —2m
r(i+m+%)72ms x(m!)imil 2m+1
I'(i+2m+1) 2m—3

3) Forp>§, q<%, ke W we have

1, 1, 11,3
rv (—%+ 1)1" p’(—%+§)n W24 34

14/6-4—2,1(p7q7r')< (k+1) (k+4)
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4) Forp<§, §<q<2, ke W we have

AN
V4 P
(1)

1 l+L7l
Ak+2,1(pqu V)< 322¢°0 2

References

[1] B.D. Bojanov, An extension of the Markov inequality, J. Approxim. Theory 35 (1982) 181-190.

[2] P.S. Bullen, A Dictionary of Inequalities, Addison Wesley Longman Limited, Edinburgh Gate,
Harlow, Essex CM20 2JE, England, 1998.

[3] V.I. Burenkov, Exact constants in inequalities for norms of intermediate derivatives on a finite interval.
Studies in the theory of differentiable functions of several variables and its applications, Trudy Math.
Inst. Steklov 1973 (1986) 38—49 (in Russian).

[4] I.K. Daugavet, S.Z. Rafalson, Some inequalities of Markov—Nikolskii type for algebraic polynomials,
Vestnik Leningrad. Univ. Mat. Mekh. Astronom 1 (1972) 15-25.

[5] P.J. Davis, Interpolation and Approximation, Blaisdell Publishing Company, 1963.

[6] G. Lohofer, Inequalities for the associated Legendre functions, J. Approx. Theory 95 (1998) 178-193.

[71 A. Martin, An optimal inequality on associated Legendre functions, Ann. Numer. Math. 2 (1995)
327-344.

[8] P.K. Suetin, The problem of V.A. Steklov in the theory of orthogonal polynomials, in: Mathematical
Analysis, Vol. 15, State Committee of the Cabinet of the USSR on Science and Technology, Academy
of Science of the USSR, All-Union Institute of scientific and technical information, Moscow, 1977.

[9] G. Szegd, Orthogonal Polynomials, 4th Edition, American Mathematical Society Colloquium
Publishing, Vol. 23, American Mathematical Society, Providence, RI, 1975.



	On constants in some inequalities for intermediate derivatives on a finite interval
	Introduction
	The main tools
	Theorem 1
	Some estimates for Am+k+1,m(2,q,r)
	Some estimates for Am+k+1,m(p,q,r)
	References


